Dense, symmetric graphs are good candidates for effective interconnection networks. Cayley graphs, formed by Borel subgroups, are the densest, symmetric graphs known for a range of diameters [1]. Every Cayley graph can be represented with integer node labels by transforming into another existing topology, Generalized Chordal Ring (GCR) [2]. However, generally speaking, GCR graphs are not fully symmetric. In this paper, we provide a framework for the formulation of the complete symmetry (or vertex-transitivity) of Cayley graphs in the integer domain of GCR representations.
Introduction
Muftiprocessorv and multicomputers are two major categories of parallel computers [3] . In the former, processors communicate via shared memory whereas in the latter, each processor has its own local memory (hence a computer) and communication is via message passing. Whether it is a shared-memory multiprocessor or a message-passing multicomputer, an efficient intercormection network to interconnect the communicating elements is critical to the performance of the parallel computer [4] . In the design of an interconnection network, there are two major issues: the interconnection topology and related routing algorithms.
An interconnection topology can be modeled as a graph. To model a multicomputer system, we consider regular, undirectedgraphs with no multiple edges between any pair of nodes. A graph is regular when it has the same number of incident edges, or degree, at every node [5] . Besides density, symmetry or uertez-tmnsitiuityis another desirable attribute of an efficient interconnection network topology [7] . Informally, a symmetric or vertex-transitive graph looks the same from any node [8]. This property allows the use of identical routing algorithms at every node. The goal of routing is to send messages between pairs of nodes. There are two aspects. First, we have to identify a path between non-adjacent nodes. Second, there is the problem of conflicts when multiple messages at a node have the same optimal outgoing link. In this paper, we discuss the first aspect of routing: path identification.
Path identification
is a trivial problem for graphs with path-defining labels that implicitly define shortest paths bet ween verticez. In thki c=e, optimal routing or shortestpath identification can be achieved computationrdly with an algorithm that has a space requirement independent of graph size, i.e., its space complexity is O(l). Clearly, these graphs have more efficient routing algorithm than graphs without path-defining labels, However} for massively parallel computer systems, with thousands of processing elements, density is an important factor; and unfortunately these graphs are far from the densest.
Among the many symmetric interconnections being proposed, Cayley gmphs are attractive because a subclass, Bored Cayley graphs, are the densest known degree-4 graphs for a range of diameters [1]. However, these graphs do not have path-defining labels, They are defined over a group of matrices, the Borel matrices. That is, vertices are labeled as matrices. There is no inherent, simple ordering of node labels and no known computational routing algorithm with a constant or 0(1) space commitment.
For graphs without path-defining labels, routing can be done by tables [7] . At every node, a table of size (n-1) is stored to record the optimal out-going links from that node to all other nodes in the network. In the general case, these routing tables differ at each node. Furthermore, routing is achieved in a progressive, step at-a-time approach because only the immediate next node is identified at any node in the path. However, it should be possible for symmetric networks, such as Cayley graphs, touse an identical routing table at every node, and hence an entire path could be obtained at any node.
In an earlier report[2], we have proved that all Cayley graphs can be represented in the integer domain as Generalized Chordal Rings (GCR). The GCR representation is isomorphic to and retains all the properties of the original Cayley graphs. However, as its definition (see section 2) indicates, generally speaking, a GCR graph is only partially symmetric. In this paper, we provide a framework to express the fully symmetric or vertex-transitive prop erty of Cayley graphs in GCR representations.
In the case of Borel Cayley graphs, this framework is further simplified into a single equation. We then exploit this inherent symmetry of Cayley graphs to develop an optimal routing algorithm, Vertez-Tmnsitiue routing, that uses identical routing tables to determine an entire path at any node. This paper is organized as follows: In section 2, we review the definitions of GCR, Cayley graphs and Borel CayIey graphs. In section 3, we discuss the vertex-transitive property of Cayley graphs in GCR representations.
Section 4 discusses the special case, Borel Cayley graphs. Section 5 consists of a routing algorithm that exploits the vertex-transitivity of Cayley graphs in the GCR domain. A Borel Cayley graph is then used to demonstrate the routing algorithm. Finally in section 6, we summarize and conclude this paper.
Review
In this section we review the definitions of Generalized Chordal Rings (G CR) [12] , Cayley graphs in generaI and Borel Cayley graphs in particular [13] [1]. In this case, the vertices of the graph are numbered from O to 9 and are divided into even and odd classes. For the even vertices, the connection constants are +2, +3, -1, and -2; and for the odd vertices, the connection constants are +1, +4, -4 and -3. The addition of these connection constants to the node label is done in modulo n arithmetic.
GCR
This class-structure of a GCR provides a reguiar layout, and a concise and simple way of describing connectivity in the integer domain and therefore making GCR an attractive representations.
Furthermore, GCR are obviously symmetric within a cl.ws. Nodes of the same class have the same GCR constants and hence identical connection structure. However, symmetry between nodes of different classes is not a necessary property of a GCR. One of our contributions in this paper is to provide a framework for expressing the complete GCR representations.
symmetry of Cayley graphs in Cayley Graphs
Definition 2 A gmph C = (V, G) is a Cayley gmph with uertez set V if two vertices ul, VZ E V are adjacent * w = V2 * g for some g E G where (V, *) is a jinite group and G c V \ {1}. G is called the genemtor set ot he gmph.
Note that the identity element 1 is excluded from G. This prevents the graph from having self-loops. A Cayley graph is undirected if G is closed under inversion, and the graph's degree is I G 1. Because of the availability of degree-4 transputer chips [14] , we are interested in undirected, degree-four Cayley graphs. In other words, we are concerned with Cayley graphs whose generator set consists of two group elements A, B and their inverses.
Borel Cayley Graphs
The definition of a Cayley graph requires vertices to be elements of a group but does not specify a particular group. correspond to elements Tml * acl, T"'a * a=2 and T'" * a=, in the group domain. Using equations 1 to 3, the right hand side of equation 4 can be simplified to Tt * a=, where O~t<mand O~c<qand j'= t*q+c.
For some finite groups, we can make simplifying choices of the transform element T and the representing elements a, (i= O,l,..., q-1) such that these tables can be expressed as equations.
We use Borel Cayley graphs to illustrate this concept.
In this section we discuss Cayley graphs obtained from the Borel subgroup. Let a and k be integers as defined in Definition 3. In this group, we can choose the transform The vertex transitivity in the integer domain can then be summarized:
Given source i = ml g + c1 and destination j = mzg + C2. While (i # j)
Step 1: Find j' according to equations (1) to (4).
Step 2: Choose an outgoing link according to row j' of routing table.
Step 3:
Determine the new source i' according to the GCR constants associated with each link.
Step 4:
i=i'andj= j'. 
Routing
Routing is an important practical aspect of communication networks. Our goal haa been to develop time and space etlicient routing algorithms for large, dense graphs. Given source i = ml q + c1 and destination j = m2q + C2.
So far we have produced ditTerent routing algorithms for Cayley graphs in general and
Step 1: Identify new destination, j' =< a q-ci(m2 -ml) >~q+ < Cz -c1 'q Step 2:
From row j' of database, determine which link to take. (6) for Borel Cayley graph) described in the last section is used to identify j'. Then using the routing table at row j', we can determine the link that corresponds to a shortest path. Once a link is identified, we can find the neighboring node by using the GCR constants. We then have a new problem of routing between this neighboring node and j'. This procedure is repeated until the source and destination are the same. Table 1 consists of a pseudo-code for the algorithm.
We observe that this improved routing algorithm retains the ability of finding multiple, shortest path(s) and in addition is capable of determining the entire path from the source without increasing the space complexity, which is asymptotically 0(n2 ) for the entire network of size n. The multi-step algorithm is iterative, and the time complexity is still O(D), where D is the diameter.
The following example illustrates such a routing algorithm for Borel Cayley graph.
An Example
As indicated in Corollary 3, we can choose a specific transform element, T, and a special set of representing elements for Borel Cayley graphs such that there exists a concise formula for j' (Equation 6). The existence of such a formula simplifies the use of the iterative routing algorithm.
In short, the algorithm can be summarized in Table 2 .
As an example, we consider the Borel Cayley graph with p = 7 and a = 2, given in section 2.3.1. Note that the choices of the transform element T and the class representing elements a, in this example satisfy the conditions described in Corollary 3, which means Equation 6 is true. According to step 3, the new source i' = 4. Now we enter iteration I with i = 4 and j = 16.
Step 1 identifies j' to be 6. From row 6 of the routing [10]
[11]
